(see e.g. [15] and [21] ). We next show how to identify the fibre L s /T with CIP(1) = S 2 . For the sake of completeness we include the proofs of some elementary facts about centralizers.
Lemma 1.1 Lemma 1.1 Lemma 1.1 : Let G be a compact connected Lie group. Then the center Z(G) of G lies on all the maximal tori of G.
Proof :
Proof : Proof : Let z ∈ Z(G). Choose a maximal torus T ⊂ G containing z. If T is any other maximal torus of G then T and T are conjugate in G, i.e. there exists g ∈ G such that gT g −1 = T . But gzg −1 = z since z is central, so z = gzg −1 ∈ T .
Proposition 1.2 Proposition 1.2 Proposition 1.2 (Bott): Let G be a compact connected Lie group and S ⊆ G any toral subgroup. Then Z G (S) is a connected subgroup of maximal rank.
Proof : Proof :
Proof : Denote by Z G (S) the centralizer of S in G. Let x ∈ Z G (S) and consider the subgroup Z G (x), the centralizer of x in G. Since G is connected there exists a maximal torus S ⊆ G with x ∈ S . Since S is abelian S ⊆ Z G (x). Thus x belongs to the identity component of Z G (x).
 For H ⊂ G we denote by Z G (H) the centralizer of H in G.
The elements of S commute with x, so S ⊆ Z G (x). We may extend S to a maximal torus S of Z G (x). Any two maximal tori in Z G (x) are conjugate. The element x ∈ Z G (x) is central and lies on the maximal torus S ⊆ Z G (x). Hence x lies on all the maximal tori of Z G (x), and in particular x lies on the maximal torus S . The torus S is contained in S , so S ⊆ Z G (S). Since x lies on S it follows that x lies in the identity component of Z G (S) and since x was arbitrary it follows that Z G (S) is connected.
The torus S extends to a maximal torus T G of G. Since T G is abelian it follows that T G ⊆ Z G (S), and hence Z G (S) has maximal rank. 
Proof : Proof :
is not a torus. By 1.2 it is a nonabelian connected Lie group of rank 1 and
 A group P is called a p-toral subgroup if it is an extension of a torus by a finite p-group. 
and therefore
Therefore the horizontal sequences in the diagram
 with fibre a 2-sphere. Associated to these spherical fibrations are
Gysin sequences
where H * ( ) denotes the cohomology of with coefficients in any ring R. From these sequences we obtain the compositions See for example [20] . (N.b. In [20] the elements of V are considered to be in grading 1 as is usual in algebra. Here they are considered as being in grading 2 as is usual in topology.
Since sign conventions play no role in [20] we prefer to work with the grading of IF [V ] dictated by the topology.) Recall that ∆ s is well defined only up to a nonzero element of IF.
 In fact (see e.g. [15] or [21] ) they are the associated sphere bundles of the real 3-dimensional vector bundle ξ ↓ BL s , and its pullbackξ ↓ G/L s , classified by the natural map 
where u has degree 4. In this case the Gysin sequence of the fibration
Recall that
where z has degree 2, and
It follows from exactness that 
The action of Z Z/2 on V = H 2 (BT ; IF) is via the reflection s. We may therefore choose a basis z 1 , . . . , z n for H 2 (BT ; IF) = V * such that 
This Gysin sequence
is therefore short exact, and we find
: e n odd 0 :e n even from which it follows ∆ s (z 
commutes up to a nonzero scalar. § 2. Analysis of k
Let G be a compact connected Lie group and T ⊆ G a maximal torus. In this section we consider the fibration
with particular attention to the image and kernel of the induced map
Our goal is to prove the following theorem. 
where
is the ideal of generalized invariants [20] . Although we assume G is semisimple we do not use classification in the proof. Note that for a finite coveringG ↓ G thatG/T = G/T , whereT ⊆G is a torus covering a maximal torus T of G. However the map k * , and hence the image Im(k * ), can depend on which coveringG of G we take, and the question of torsion primes for G depends also on the fundamental group of G. We therefore assume wherever convenient that G is simply connected.
For an arbitrary compact connected Lie group the conclusion of 2.1 is stated and used by V. Kac to prove all the results in [16] . The proof of 2.1 sketched there (page 77) is however suspicious, as it confuses a = 0 ∈ Z Z with a ≡ 0 mod p. The further claim in [16] (page 71 after the statement of theorem 1) that the result is a special case of a more general theorem proven in references 14 and 15 of [16] is equally suspicious, as these papers have never appeared in print.
Our proof is based on some elementary results taken from [20] and part III § § 3 -6 of [10] . It therefore relies in an essential way on Morse theory.
We begin by summarizing the results of [10] that we require. To this end we suppose that G is a compact connected Lie group with maximal torus T ⊂ → G and Weyl group W G . Denote by s(W G ) the set of real reflections of the action of
With respect to this twisted T m action the multiplication map
becomes equivariant with respect to the homomorphism
Choose a system roots for W (G) and let s 1 , . . . , s m ∈ s(W G ) be the corresponding reflections. The main result of [10] that we require (part III § 6 the last two paragraphs on page 1000) reads:
(Bott and Samelson):
Let G be a compact, connected, simply connected and simple Lie group, with maximal torus T ⊂ → G and Weyl group W G . If s 1 , . . . , s m ∈ s(W G ) are the reflections corresponding to a system of roots, then the map
has degree ±1 in integral homology. Hence the induced map
is a split monomorphism for any ring of coefficients.
In part III § 4 and 
is an epimorphism.
 If we define right and left actions of T on a Levi subgroup L s ⊂ G by the requirements 
and the result follows.
Consider the projection maps
These yield a fibration
The fibre L s m /T is a 2-sphere S 2 and so there is a Gysin sequence for this fibration. The
yields a cross section to this bundle, so the Gysin sequence is short exact, i.e.
is exact. We denote the composite
by ∆ m (compare section 1). 
is an epimorphism, and 
where the rows are fibrations. If we identify S 2 with L s m /T then the map coincides with the classifying map of the fibration
is an epimorphism. By the induction hypothesis the map *
is an epimorphism. By the preceding discussion the Gysin sequence of the top row in the above diagram is short exact and hence * m :
is an epimorphism, proving (i).
and ∆ m (u) = 0 then by the preceding discussion 
Z Z is a Z Z-basis, and
The following technical lemma is the key to the final goal. We have phrased it in the form we will use it, although it is clear that a much more general result is valid.
Lemma 2.6 Lemma 2.6 Lemma 2.6 : Let IF be a field and and notice that the images of the polynomials f 2 , . . . , f k in this quotient algebra are
. . . = . . .
which satisfy the hypotheses of the lemma for 
Proof : Proof : Proof : Since a compact simply connected semisimple Lie group is a product of simple Lie groups we may assume without loss of generality that G is simple.
If gu = u for all g ∈ W G then∆ s (u) = 0 for all s ∈ s(W G ). Let s 1 , . . . , s m ∈ s(W G ) be the reflections corresponding to a fundamental system of simple roots. Consider the map 
By 2.5 and the universal coefficient theorem
where 
. . , i − 1, i + 1, . . . , m and i = 1, . . . , m .
Having done this we see from lemma 2.6 that Im(π * i ) in positive degrees has an IF-basis consisting of the monomials M i = z 
Henceμ
* (u) = 0 and therefore by 2.2 that u = 0 also. If u ∈ ker(k * ) and deg(u) = 2m then by corollary 1.6
for any m-tuple s 1 , . . . , s m ∈ R. Since BT and G/T are connected the map k * is an isomorphism in degree zero, so
Combining the two inclusions ker(k * ) ⊆ J ∞ (W G ) and ker(k * ) ⊇ J ∞ (W G ) yields the desired conclusion.
Corollary 2.9 Corollary 2.9 Corollary 2.9 : Let G be a compact, connected, simply connected and semisimple Lie group with maximal torus T ⊂ → G of rank n, and Weyl group W G . Let IF be a field of characteristic not equal to 2. Then: Corollary 2.10 Corollary 2.10 Corollary 2.10 : Let G be a compact, connected, simply connected and simple Lie group with maximal torus T ⊂ → G of rank n, and Weyl group W G . Let IF be a field of characteristic not equal to 2 and h 1 , . . . , h n ∈ H * (BT ; IF) a regular sequence generating r j u j = 0 r j = 0 for j ∈ J between some of these generators, which we may suppose to be of minimal degree . Let f j ∈ H * (BT ; IF) for j ∈ J be classes with k * (f j ) = r j . Since r j = 0 it follows that
Hence by 1.6 we obtain∆
for those u j that are of minimal degree among u 1 , . . . , u k , so applying ∆ s 1 , . . . , ∆ s k j to the relation we receive a linear relation between u j for j ∈ J where not all coefficients are zero. This contradicts the linear independence of u j for j ∈ J . Hence no such relation can exist and the map Φ :
given by Φ(U j ) = u j for j ∈ J is an isomorphism. § 3. A Collapse Theorem
Let G be a compact connected Lie group with maximal torus T ⊆ G. There is the fibration 
Our main result is that this spectral sequence is as simple as possible, namely:
Theorem 3.1 Theorem 3.1 Theorem 3.1 : Let G be a compact, connected, simply connected and simple Lie group with maximal torus T ⊂ → G and Weyl group W G . Let {E r , d r } be the EilenbergMoore spectral sequence of the fibration
be a regular sequence generating the ideal
Then: 
and hence
The algebra E 2 is generated by the elements s
and S * = E 0, * 2 . Since d r has degree (−r, r + 1) and E s, * 2 = 0 for s > 0 it follows (compare the proofs of the little and big collapse theorems in [23] ) that d r vanishs on these generators, and hence
As a consequence we obtain a proof of an assertion of Kac [16] theorem 2, generalizing a result of Leray [18] . Proof : Proof : Proof : The E 2 -term of the Leray-Serre spectral sequence is of the form
One has
where n is the rank of T and deg(u i ) = 1 for i = 1, . . . , n. The differential d 2 satisfies Therefore apart from a regrading
Hence by theorem 3.1
and therefore E 3 = E ∞ . 
are coexact and
Proof : Proof :
Proof : This follows from [2] corollary 5.2.
Since H * (G/T ; IF) ∼ = R * ⊗ S * as R * -modules we obtain for the Poincaré series
The Poincaré series of R * may be computed as follows: by 2.1 and 2.9
where h 1 , . . . , h n ∈ H * (BT ; IF) is a regular sequence generating the ideal J ∞ (W G ) = ker(k * ). 
, 
On the other hand H odd (G/T ; Z Z) = 0 by Bott's theorem [8] 
. . , f n ] and deg(f i ) = 2d i for i = 1, . . . , n. This yields the formula
From ( * ) we obtain another computation of the Poincaré series of S * , namely for a field IF of characteristic p = 0, 2
Equating the two expressions
and putting z = t 2 we obtain:
from which it follows that m = n and we can order the indices such that there is an r ∈ IN 0 satisfying
This in turn leads to the formula
for the Poincaré series of S * . The numbers d 1 , . . . , d r are called the exceptional degrees.
In [16] Kac gives a rather mysterious proof of the following equally mysterious result. 
(In other words, if d i,p is a proper divisor of d i , then d i,p is relatively prime to p).
Proof :
Proof : Proof : Suppose that d i,p ≡ 0 mod p for some i ∈ {1, . . . , r}. Then S * has a generator x i of degree 2d i,p and therefore by 3.1
where Q( ) is the indecomposable functor and Q( ) k its component of degree k.
According to Bott [9] H odd (ΩG; Z Z) = 0 so for any prime p H odd (ΩG; IF p ) = 0 by the universal coefficient theorem .
Consider the cohomology suspension
for the loop space fibration ΩG −→ EG −→ G .
According to [11] theorem 5.14 the induced map
where P ( ) the primitive functor and P ( ) k its component of degree k, is a monomorphism for = 2mp a + 2. Since d i,p ≡ 0 mod p it follows that 2d i,p = 2mp a + 2 and hence 
is a monomorphism.
Borel's lemma has a number of interesting consequences, among which we note the following two. To these results we add: 
is equal to the number of real reflections in W G , and (iii) H * (BG; Z Z) has no p-torsion.
Proof : Proof :
Proof : There is the fibration
and for an odd prime p we may choose a regular sequence h 1 , . . . , h n ∈ H * (BT ; IF p ) which generates ker{k
From the discussion of Poincaré series in section 3 we have for any field IF
and deg(f i ) = 2d i for i = 1, . . . , n. Hence
by Chevalley's theorem [12] . From the degree of the Poincaré series we obtain
The Poincaré series of R * = Im(k * ) is given by
and evaluating at t = 1 we obtain is a Poincaré duality algebra and the fundamental class has degree ϕ 1 ) , . . . , π * (ϕ n )) , t) = Therefore by Chevalley's theorem [12] (see also [27] theorem 7.5.1)
as required.
